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Let A be a field of fractions of a torsion free nilpotent group ring KG, and D,,, a matrix 
subring of Anx,. We prove that if the field D has dimension m2 over its center. then (km)ln. 
The result remains true when G is residually torsion free nilpotent and A is the subfield of the 
Malcev-Neumann power series ring K(G), generated by KG. 
1. Introduction 
Let G be a finitely generated torsion free nilpotent group, KG be its group ring 
over an arbitrary commutative field K. It is well known that KG is a Noetherian 
domain and hence has a (skew) field of fractions which we denote by A. Our first 
main result is Theorem 1.1 and its corollary which are related to this field A. (The 
term ‘field’ will be used throughout the paper in the sense of ‘skew field’.) 
Theorem 1.1. Let x be a given nonzero element of KG and let q f char K be an 
arbitrary prime number. Then there exists an ideal U c KG such that the quotient 
ring (KG) I U is a simple K-algebra generated by a finite q-group 6, which is the 
image of G under the natural homomorphism KG-+ (KG) IU, and the image x” of 
x is an invertible element of K[ G]. 
Corollary 1.2. Let nonzero elements 
x,EA (j=1,2,...,n) 
be given and let q # char K be an arbitrary prime number. Then there exists an 
ideal U c KG such that the quotient ring (KG)IU is a simple K-algebra, generated 
by a finite q-group 6, which is the image of G in (KG) I U; the set 1 + U is a right 
denominator set of regular elements in KG; the subring (KG)l,u c A contains all 
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the elements xi and their inverses. Clearly, the Jacobson radical of (KG),+, is the 
ideal U(KG),+, and the quotient ring by it is isomorphic to (KG) I U. 
The proofs of Theorem 1 .l and Corollary 1.2 are given in Section 2. They are 
analogs of [6, Theorem 4.11, [7, Theorem l] and [S, Theorem 6.11 proven for 
fields of fractions of polycyclic group rings and enveloping algebras correspond- 
ingly. It might be related, too, to Wehrfritz’s [15, Theorem 21. It is worth 
remarking, however, that Theorem 1.1 provides a method for construction of 
specializations from A into finite-dimensional algebras over the same commutative 
field K, whereas theorems in [6-8, 151 give specializations into algebras over fields 
of finite characteristics. 
We apply Theorem 1.1 to prove our second main result. We consider first of all 
fields A which are either the field of fractions of KG, where G is torsion free 
nilpotent, or the field of fractions of the universal enveloping algebra U(L), 
where L is a finite-dimensional Lie algebra over a field of characteristic zero. 
More generally, let G be a residually torsion free nilpotent group, 
G=N,>N,>-.* 
be a series of normal subgroups with trivial intersection and torsion free nilpotent 
quotient groups. It is known that G can be ordered in such a way that the 
homomorphisms G+ G/N, (i = 1,2,. . .) are homomorphisms of ordered groups. 
Let K(G) be the appropriate Malcev-Neumann power series ring of G over K 
and A be the subfield of K(G) generated by the subring KG. The most important 
examples of such fields are the universal fields of fractions of free group rings and 
fields of fractions of group rings of free soluble groups. We have for such fields A 
the following theorem: 
Theorem 3.2. Let Skxk be a matrix subring of A,,,. Assume that S contains a 
nilpotent ideal N such that SIN is a field of dimension m2 over its center Z. Then 
km divides n. 
This theorem has a few corollaries. The first two follow from it immediately. 
Corollary 1.3. Let Dkxk be a matrix subring of A,,, , where D is a field of 
dimension m2 over its center Z. Then (km)(n. 0 
We see thus that the PI-degree of Dkxk divides n. For the case when A is the 
universal field of fractions of a free group ring, we obtain thus a generalization of 
Schofield’s [13, Theorem 11.81 which states that if E is a subfield of A,,, of finite 
PI-degree m, then m 1 n. 
Corollary 1.4. Every PI-subring of A is commutative. 
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Proof. Let P be a PI-subring of A, and let 2 be its center. Then PZ’ is a subfield 
of A, finite dimensional over its center, and hence is commutative by Corollary 
1.3. 0 
Corollary 1.5. Let G be an abelian-by-finite subgroup of the multiplicative group 
A*. Then G is abelian. 0 
The proof follows from Corollary 1.4 via the well-known fact that if G is 
abelian-by-finite, then its linear envelope Z[G] over the center of A is a PI-ring. 
We consider, too, the case when a subring S c A,,, is finite dimensional over 
its central subfield Z but is not semisimple. Theorem 3.5 of the article implies, in 
particular, that the quotient ring of S by its radical J(S) is isomorphic to a subring 
of P”X,> where P is a commutative field, finite dimensional over Z. 
2. The proof of Theorem 1.1 
We remind the reader of some known concepts and results of the localization 
theory. 
A subset M of a ring R is a right denominator set if 
(i) O@M, 1EM; 
(ii) M is multiplicatively closed; 
(iii) For given elements, z E R, t E M, elements z1 E R, t, E M can be found 
such that zt, = tz,. 
An element z E R is regular in R if it is not a right or left zero divisor. The right 
ring of fractions RM-’ (or Ricl) exists if and only if M is a right denominator set of 
regular elements in R. If A is an ideal of R such that its complement R\A is a 
right denominator set of regular elements in R, then A is localizable in R. 
Lemma 2.1. Let R be a ring, B be an ideal of R, M be a right denominator set of 
regular elements in R such that M fl B = 0. Let 2 denote the image of a subset 
XC R under the natural homomorphism II, : R += RIB. If &I contains only regular 
elements of R, then it is a right denominator set in R. Furthermore, the homomor- 
phism Cc, is extended in a natural way to a homomorphism (lr, : R, -+ I?,. The 
kernel of Cc, is the ideal B, = BR, of R,. 0 
The proof is easy and can be omitted. See, for instance, [6]. 
Lemma 2.2. Let R = K[ G] be a ring generated by a group G over a field K, H be 
an invariant subgroup of G. Assume that the elements of H are linearly indepen- 
dent over K and that all the elements of the subring K[H] = KH are regular in R 
and that KH is an Ore ring. Then the set (KH)\O is a right denominator set in R; 
the appropriate ring of fractions will be denoted by K[ G] kn. 
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Proof. The ring R = K[G] is a homomorphic image of the group ring KG. We 
have thus a homomorphism Cc, : KG + K[G] such that ker I/J n KH = 0. But it is 
well known that the condition H 4 G implies that the ring M = (KH)\O is a right 
denominator set of regular elements in KH; in fact if A is the field of fractions of 
KH, then KH, is isomorphic to a suitable cross product A * G/H. Finally, the 
condition ker I,+ II M = 0 allows us to apply Lemma 2.1 and the assertion 
follows. 0 
Corollary 2.3. Assume that in addition to the conditions of Lemma 2.2, H has a 
finite index in G. Then ail the regular elements of K[G] form a right denominator 
set M and 
K[Gl, = WGlm . 
Proof. Let A be the field of fractions of KF. Since H has a finite index in G, we 
see that KIGIKH has a finite left dimension over A. Thus, the ring K[G],, is 
Artinian and therefore every regular element of it is invertible; hence the 
elements of M are invertible in KIGIKH and the assertion follows easily. q 
Lemma 2.4. Let G be a free abelian group, K be a field of characteristic p 2 0, 
q # p be a given prime number. Then for any given nonzero element x E KG, a 
maximal ideal A c KG can be found such that x FA and the image of G in 
(KG) IA is a cyclic q-group. 
Proof. Let 
x=5 h,h, (hjEG,0#h,EK;j=1,2 ,... ,k). 
j=l 
Find qm such that the images of the elements hj are different in the quotient group 
G/Gqm. This implies that the image X of the element x in K(GIG qm) is nonzero. 
But the ring K(GIGqm) is semi-simple; there exists, therefore, a maximal ideal 
A c K(GIGqm) such that xgA. The quotient ring K(GIGqm)lA is a field and 
the image of Gl G qm in this field is an abelian group, whose exponent divides 4”‘. 
It is well known that a finite abelian subgroup of the multiplicative group of a field 
is cyclic. Finally, if A is the inverse image of A in KG, then (KG)lA = 
K(GIG qm) /A and x @ A. It is easy to see that A satisfies the conclusions of the 
assertion. 0 
Lemma 2.5. Let G be a finitely generated torsion free nilpotent group, Z be the 
center of G, K be a field of characteristic p 2 0, q # p be a given prime number. 
Then for any given nonzero element x E KG a maximal ideal A C KZ can be found 
such that xgA(KG) and the image of Z in the quotient ring KGIA(KG) is a 
cyclic q-group. The ideal A(KG) of KG is completely prime. 
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Proof. Let gi (i E I) be a transversal of Z in G and let 
X,=Ch& (hUiEZ;(Y=1,2,...,n) (2.1) 
By Lemma 2.4 we can find a maximal ideal A C KZ such that no one of the 
elements hai from (2.1) belongs to A and the image of Z in (KZ)IA is a cyclic 
q-group. We see from (2.1) that x, @A(KG) (a = 1,2, . . . , n). 
The quotient ring (KG)IA(KG) is isomorphic to a suitable cross product 
(KHIA) * H/Z of the field KHIA and the torsion free nilpotent group G/Z; it is 
well known that such a cross product is domain and hence A(KH) is completely 
prime. 0 
Corollary 2.6. Let the conditions of Lemma 2.5 hold and let X denote the image of 
a subset X c KG under the natural homomorphism KG + (KG) IA( Then Z 
coincides with the torsion subgroup of G and G contains a normal torsion free 
subgroup H such that Z II H = 1, the index of H is a power of q and its nilpotency 
class is less than the class of G. 
Proof. The first statement follows immediately from the definition of A. Since G is 
finitely generated nilpotent and its torsion subgroup Z is a q-group it must be a 
residually finite q-group by Gruenberg’s theorem [lo, 32.211. We can therefore 
find a normal subgroup H such that H fl Z = 1 and (G : H) = q” for some natural 
n. We see thus that H is torsion free. If k is the nilpotency class of G, then 
y,_,(G) c Z and hence y,_,(H) = 1 and the proof is completed. 0 
Proof of Theorem 1.1. Find an ideal A C KZ which satisfies all the conditions of 
Lemma 2.5 and Corollary 2.6 and in particular x jE’A(KG). Thus the quotient 
ring R = (KG) IA is isomorphic to K[G] and let H be the subgroup which 
was obtained in Corollary 2.6. 
Letgj(j=1,2,..., n) be a transversal for H in G. We conclude easily that the 
elementshgj(1#hEH,j=l,2 ,..., n) form a transveral for Z in G and hence 
they are linearly independent over K[Z]. This implies that the subring, generated 
by K[Z] and H is isomorphic to K[Z] C!CI~ KH and that the elements gi ( j = 
1,2,. . . ) n) form a basis of R over this subring. If now s, (i = 1,2, . . , m) is a 
basis of K[Z] over K, then the system of elements s,g, (i = 1,2,. . . ) m; 
j=l,2,..., n) forms a basis of R over KH. Let Q(R) and Q(KH) be the rings of 
fractions of R and KH correspondingly. Lemma 2.2 and Corollary 2.3 imply that 
Q(R) = K@]KH 
and we conclude from this easily that the elements sigi (i = 1,2, . . . , n; j = 
1,2, . . . , m) form a basis of Q(R) over Q(KH). 
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Since x j$ A(KG), its image 0 # X E R = K[ G] is invertible in Q(R). The 
relation Q(R) - K[ GIKH implies an existence of an element u E R such that 
Let 
O#iu=dEKH. (2.2) 
e = dg’dg2 . . . dgn . (2.3) 
Clearly, 
O#eEKH. 
We can now apply the induction by the nilpotency class of the group G and 
assume that the assertion is proven for all the groups which have smaller 
nilpotency class. (When the nilpotency class is equal to one, the assertion follows 
from Lemma 2.4). Thus, there exists a maximal ideal B c KH such that e is 
invertible in (KH) lB and the image of H in (KH) lB is a finite q-group. Hence, d 
is invertible in every quotient ring (KH) lBgL1 (i = 1,2, . . . , n) and hence it is 
invertible in the quotient ring (KH) /C, where 
Similarly, the image of H is a q-group in every quotient ring (KH)IBgtvl 
(i = 1,2, . . . ) n) and hence in (KH) /C. It is easy to see that C is a G-stable ideal 
of KH tnd hence CR is an ideal of R = K[ G]. 
Let X be the image of a subset Xc R under the natural homomorphism 
R+ R/CR. Relation (2.2) implies immediately 
i<=d~K[k], (2.2’) 
and thus 2 is invertible in R because d is invertible. 
We now prove that H is a q-group. Indeed, it has already been pointed out that 
the image of H in (KH) lC is a finite q-group. But R is free over KH. This implies 
easily that CR fl KH = C and hence fi is isomorphic to the image of H in 
(KH)IC and th>s H is a finite q-group. 
= The group G is a q-group, too. This now follows from the isomorphism 
GIH = GIH together with the fact that the index of H in G is a power of q. 
Finally, let 6 be a maximal ideal of R = K[G] and U its inverse image under 
the composition of homomorphisms 
KG+ K[G]+ K[E] . 
Then x@ 6 and since (KG) I U = K[ G] 16 we see that U is a maximal ideal of KG 
which satisfies all the conclusions of the theorem. Cl 
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Proof of Corollary 1.2. Let 
Let 
xi = a,bT1 , bjEKG\O(j=1,2 ,..., n). 
.=$b,. 
Clearly, x # 0. Let U be an ideal which satisfies all the conditions of Theorem 1.1 
and in particular x is invertible in (KG/U); hence, all the elements aj, bj 
(j=1,2,..., n) are invertible also. Since the group G is nilpotent, the ideal U is 
polycentral and satisfies the weak AR-property, and the theorem of P. Smith (see 
[ll, 11.2.101) implies that 1 + U is a right denominator set and we can form the 
ring of fractions (KG),,,. A routine argument shows that the ideal U(KG), +U c 
(KG)l,” is quasiregular and that 
(KG),+.IU(KG),+. = (KG)IU. (2.4) 
Since (KG) / U is simple, (2.4) implies now that U(KG)I+ u is the radical of 
(KG),,,. Since 
KG c (KG),,, C A > 
we see that ai, b, E (KG),+, (j = 1,2,. . . , n) and isomorphism (2.4) shows that 
the elements bj ( j = 1,2, . . _ , n) are invertible modulo the radical; hence they are 
invertible in (KG) 1 + u and therefore 
XjE(KG)l+, (i=l,T...,n), 
which completes the proof. 0 
Let R and S be two rings. If there exists a homomorphism LY : RO+ S from a 
subring R, C R onto S such that ker (Y is a quasiregular ideal of R,, then LY is a 
specialization from R to S. The subring R, is the domain of (Y. For more detailed 
discussion we refer the reader to Cohn’s book [l] and Passman’s article [12]; here 
we need the following fact from [12] whose proof is easy. 
Lemma 2.7. Let (Y : R+ S and /3 : S+ T be specializations. Then there exists a 
specialization /ICY : R -+ T. 0 
Our goal now is to obtain in Proposition 2.8 below a generalization of Theorem 
1.1. Let G be a residually torsion free nilpotent group, 
G = Nl > N, > . . . (2.5) 
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be a series of normal subgroups such that every quotient group G/N, (i = 
132, * . .) is torsion free nilpotent and 
,fi Ni = 1. 
One can define in G an order such that the homomorphisms G+ G/N, are 
homomorphisms of ordered groups (see [2]). Let K(G) be the appropriate 
Malcev-Neumann power series ring of the ordered group G and A its subfield, 
generated by the subring KG of K(G), Ai denotes the field of fractions of 
K(GIN,). The results of [2] imply first of all that A does not depend on the choice 
of the series (2.5), that for every i there exists a specialization 0, : A-+ Ai, extending 
the homomorphism G-+ GIN, and that for every given nonzero elements of D 
-1 -1 -1 
x],x2,...,xk;x1 ,x2 r...,Xk (2.6) 
an index i can be found such that the elements (2.6) belong to the domain Ti of the 
specialization Oi. 
Proposition 2.8. Let G be a finitely generated residually torsion free nilpotent group 
and let elements (2.6) in A be given. Let q #char K be a given prime number. 
Then there exists a specialization r : A-+ K[ G] such that its domain T contains the 
elements (2.6), K[ G] is a finite-dimensional simple algebra, generated by finite 
q-group G = T(G) and ker rr is the Jacobson radical J(T) of T. 
Proof. Find first a specialization 8 : A+ Ai whose domain contains elements (2.6). 
Then apply Theorem 1.1 and find a specialization r : Ai + K[ G] whose domain 
contains the elements 0(x,), 0(x;‘) ( j_= 1,2, . . . , k). Then apply Lemma 2.7 and 
find a specialization 78 = n : A+ K[ G]. If T is the domain of r, then the ideal 
ker rr is quasiregular by the definition of a specialization; it coincides with J(T) 
because the quotient ring TIJ( T) 2: K[G] is semisimple Artinian. 0 
3. PI-subrings of A,,, 
Proposition 3.1. Let R be a ring such that for any given nonzero elements 
x1,x2,. . . , xk a subring T, (i E I), containing these elements and an ideal Vi C Ti 
can be found such that the images of these elements in the quotient ring Ri = T,IU, 
are non-zero, where Ri is an algebra of dimension ri over a field Ki and all the 
numbers ri (i E I) are relatively prime. Let P be a ring which contains a nilpotent 
ideal N such that PIN is a field D of dimension m2 over its center and assume that 
for some natural k the ring Pkxk is isomorphic to a subring of R,,, . Then (mk) ) n. 
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Proof. By the Amitsur-Levitsky theorem (see [3]) the field D satisfies the 
standard identity szrn and does not satisfy the identity So,,, _, . Thus the values of 
S2m on P belong to N whereas there exists invertible elements 
Ul, u2,. . . > UZm-l E PC&,, such that the element 
u = Szrn-l (q, 4,. . . ” %-l) 
is nonzero in PIN and hence is invertible in P. Now take a subring Ti C R which 
contains all the entries of the matrices 
-1 
u, u ) Uj’ UT’ (j=1,2,...,2m-1) (3.1) 
as well as the entries of an arbitrary set f& (15 (Y, p 5 k) of matrix units of Pkxk, 
and an ideal U, c Ti such that all these entries are nonzero in the quotient ring 
The last ring has dimension rilz2 over the field K, and we will prove that 
m2 ) yin2 . (3.2) 
Since all the numbers rr (i E I) are relatively prime, this will imply that m 1 n. 
Let X denote the image of a subset X c (T,), xn under the natural homomorph- 
ism (Ti)nxn+ (Ti”i),,, and let V be the subring of (T,),,,, generated by the 
elements (3.1). Since u is invertible in V, we conclude that the element 
u = S2m-l(iiI, u2, . . . ) U2m-l) (3.3) 
is invertible in v whereas the values of s2m on v belong to its nilpotent ideal 
V r-l fi. 
Now let K be the algebraic closure of Ki. Consider the algebra KBKi (Ri),xn 
and its subalgebra Z&. The algebra @ is a finite-dimensional algebra over an 
algebraically closed field K and therefore we have, by Wedderburn’s theorem, 
where S is a semisimple subalgebra of m and J(H) is the radical which 
contains, of course, the nilpotent ideal K(V fl fi). Hence all the values of s2,,, on 
Z# belong to .Z(Z#) and therefore S satisfies sZm. On the other hand, we obtain 
from (3.3) that there exist elements 6, E S (j = 1,2, . . . ,2m - 1) such that the 
element 
_ 
u = S2m_1(UI, u2, . . . , U2m-1> 
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is invertible in S. Since K is algebraically closed, we conclude from this, once 
again by the Amitsur-Levitsky theorem, that 
S=K,,,+K,,,+...+K,,,. (3.4) 
Now the elements f,, (15 (Y, /? 5 k) commute with all the elements uj (j = 
1,2, . . . ,2m - 1) and hence the elements ?a, E (Ri)nxn centralize the subring v 
and its subalgebra S. This implies that the subalgebra (S, f,,) (15 (Y, p 5 k) is 
isomorphic to Skxk . We have, too, via (3.4) 
s kxk - %,kxmk + Kmkxmk + “. + Kmkxmk ’ (3.5) 
Since all the summands in the right side of (3.5) are isomorphic, it is easy to find a 
subalgebra M of Sk X k which contains 1 and is isomorphic to Kmkxmk. [3, Theorem 
VI.6.11 now implies that the algebra K Bki R, is a free left module over M and 
hence its dimension over K is a multiple of dim(M: K) = m2k2. But 
dim,(K @ Ri) = dimKiRi , 
and (3.2) follows. The proof is completed. 0 
Let throughout this section A be either the field defined in Section 2 for the 
group ring KG of a residually torsion free nilpotent group or the field of fractions 
of the universal envelope U(L) of a finite-dimensional Lie algebra L over a field 
of characteristic zero. 
Theorem 3.2. Let Skxk be a matrix subring of A,,,. Assume that the ring S 
contains a nilpotent ideal N such that SIN is a field of dimension m2 over its center 
Z. Then (km)ln. 
Proof. Let first A be the field generated by KG in K( G). We can assume of 
course that K is algebraically closed. It is easy to see that there exists a finitely 
generated subring S, L S such that the quotient ring S,/S, fl N is a field of 
dimension m2 over its center Z,. Since S, is finitely generated, the subring (S,),,, 
is contained in a subring (Al),X,, where A, is generated by the subring KG,, 
where G, is a finitely generated subgroup of G. We see therefore that we can 
assume without loss of generality that G is finitely generated. 
Now pick an arbitrary q # char K and apply Proposition 2.8; since K is 
algebraically closed, the simple algebra K[6] must have as dimension a power of 
q. Since q is an arbitrary prime number, we can apply Proposition 3.1 and the 
assertion is proven in this case. 
Now let A be the field of fractions of U(L), where L is a finite-dimensional Lie 
algebra over a field of characteristic 0. To complete the proof in this case we need 
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the following assertion, which follows immediately from 
4.31: 
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[9, Corollary 3 of Lemma 
Lemma 3.3. Let R be a finitely generated subring of A. Then there exists an infinite 
set of ideals Ai E R (i E I) such that for every i E Z the quotient ring RIA, is a 
subring of the field of fractions Ai of the universal envelope lYEi of a Lie 
algebra Li over a finite field K, of characteristic pi. Cl 
The proof is now easily completed. It is known (see [4]) that the dimension of 
Ai over its center 2, is a divisor of pimp, hence, the subalgebra Ri of Ai, generated 
by R/A, over Z,, has the dimension power of pi and the assertion follows 
therefore from Proposition 3.1. 0 
Corollary 3.4. Let A be the universal field of fractions of a free group ring KG or 
the Ore field of fractions of a free soluble group. Then the conclusion of Theorem 
3.2 is valid for the subalgebras of A,,,. 
Proof. Lewin’s theorem in [5] implies that the universal field of fractions of KG is 
isomorphic to the subfield of K(G), g enerated by the subring KG, and hence 
Theorem 3.2 covers this case. The proof for the second case follows from two 
facts. First: A free soluble group G is residually torsion free nilpotent (see [14]). 
Second: Since KG is an Ore domain, the subfield of K(G) generated by it is 
isomorphic to its Ore field of fractions. 0 
Now let S be a ring, finite dimensional over its central subfield Z. Then 
s = (%)k,Xk, + (%)k2Xk2 + . * * + Wk,Xk, 9 (3.6) 
where Si/J(Sj) is a field Dj (i = 1,2, . . . , r). Let rn; be the dimension of Di over 
its center Zi. 
Theorem 3.5. Let S C A,, xn be a ring, finite dimensional over its central subfield Z. 
Then there exists natural numbers n, (i = 1,2, . . . , r) such that the numbers mi, ki 
(i = 1,2, . . . , r) in decomposition (3.6) satisfy the relation 
(m,k,) (n, (i = 1,2, . . . , r) , inisn (3.7) 
and S/J(S) is isomorphic to a subring of P,,x, where P is a finite algebraic 
extension of the field Z. 
Remark. We would like to bring the attention of the reader to the fact that the 
proof of Theorem 3.5 below will depend on the specific properties of the field A 
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only in one point: when it will be necessary to apply Theorem 3.2. We can 
conclude therefore that Theorem 3.5 is true for subalgebras of a matrix ring over 
a field D whenever Theorem 3.2 is true. 
We first need the following known fact: 
Lemma 3.6. Let D be an arbitrary jield, S C D,,, a subring, finite dimensional 
over its central subfield Z, and let 
1 = e, + e2 + . * . + e, 
be the decomposition of 1 obtained from (3.6). Then (Si)k,xk, is isomorphic to a 
subring of 
where 
ei(Dnxn)ei = DnI.., (i = 1,2, . . . ,z> 
Proof of Theorem 3.5. Lemma 3.6 implies the truth of the second relation in (3.7) 
and the embedding Si c D_,,, (i = 1,2, . . . , r); the first relation in (3.7) now 
follows from Theorem 3.2. 
Now representation (3.6) implies that the algebra S/J(S) is isomorphic to 
(3.8) 
where Di has dimension mf over its center Zi (i = 1,2, . . . , r). If P is a composite 
of all the fields Zj (i = 1,2, . . . , r), then P is a finite algebraic extension of Z and 
every algebra (Di)kixki has representation of degree m,k, (i = 1,2, . . . , r) over P. 
Isomorphism (3.8) yields that the algebra S/J(S) has a representation of degree 
over P, and we obtain from (3.7) that this degree does not exceed n. Cl 
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